Stationary and axisymmetric solutions of relativistic rotating stars with strong mixed poloidal and toroidal magnetic fields are obtained numerically. Because of the mixed components of the magnetic field, the underlying stationary and axisymmetric spacetimes are no longer circular. These configurations are computed from the full set of the Einstein-Maxwell equations, Maxwell's equations and from first integrals and integrability conditions of the magnetohydrodynamic equilibrium equations. After a brief introduction of the formulation of the problem, we present the first results for highly deformed magnetized rotating compact stars.
Introduction: Neutron stars (NS) with strong surface magnetic fields around 10 14 − 10 15 G are considered as the source of soft gamma repeaters and anomalous x-ray pulsars [1] . The widely accepted magnetar model stimulated an interest in constructing solutions of strongly magnetized relativistic rotating stars. Numerical computations of such magnetized stars are useful tools for investigating allowed configurations of the interior magnetic fields, or a limit of the strength of the fields. In particular, compact stars with stronger magnetic fields could model newly born magnetars (see, e.g. [2] ).
An approach for studying magnetized rotating neutron stars is to obtain their equilibrium configurations. Stationary and axisymmetric solutions of rotating relativistic stars with strong poloidal fields have been successfully calculated in [3] , and with toroidal fields in [4, 5] . In these computations, the spacetime is assumed to be orthogonally transitive (circular -invariant under a simultaneous inversion of t → −t, and φ → −φ), because the configuration of magnetic fields is restricted to either purely poloidal or toroidal fields and the velocity field is to circular [6] [7] [8] [9] A relativistic formulation for more general magnetized relativistic stars with mixed poloidal and toroidal fields has been derived by Bekenstein and Oron [10] . The formulation has been used to obtain slowly rotating and weakly magnetized solutions [11, 12] , and has been improved for obtaining more stable solutions [13] . More recently, numerical solutions for mixed poloidal and toroidal fields have been obtained under a simplified relativistic gravity [14] . 1 In this paper, we present a formulation and numerical solutions for rapidly rotating relativistic stars with strong mixed poloidal and toroidal magnetic fields. Our solutions extend the above works [11] [12] [13] [14] to highly deformed configurations as a result of rapid rotation and stronger magnetic fields, which can not be calculated from perturbative methods. We assume stationarity and axisymmetry of the gravitational, electromagnetic and matter fields, but we do not assume the spacetime to be circular, or spatially conformally flat. Moreover our new method of solving Einstein's and Maxwell's equations are not restricted to axial symmetry. The first integrals of a system of relativistic magnetohydrodynamic (MHD) equations are derived assuming the above symmetries as well as perfect conductor conditions [10, 11, 15] , and solved to obtain self-consistent, non-perturbative, equilibrium configurations for the first time.
The existence and stability of mixed poloidal and toroidal magnetic fields in compact stars is supported by a number of recent simulations of magnetized rotating stars [16] . It is demonstrated that such stable configurations of mixed fields are reached from arbitrary ini-tial data. Several groups have been developing relativistic MHD simulation codes, and have performed some, rather preliminary, simulations of magnetized compact stars [17] . Our equilibrium solutions provide initial data for such simulations aiming to obtain stable configurations of strongly magnetized compact stars. The stability of equilibrium solutions may be determined from approaches complementary to the simulations, such as an application of a linear perturbation method described in [18] .
In this paper, we use G = c = 4πǫ 0 = 1 units unless otherwise specified. Greek indices, α, β, ... are used for spacetime tensors, lower case latin indices, a, b, ... for 3-dimensional spatial tensors, and upper case Latin indices, A, B, ... for 2-dimensional spatial tensors in a meridional plane. The exterior derivative of a 1-form w α is denoted by (dw) αβ = ∇ α w β − ∇ β w α .
Formulation: A relativistic rotating star with both poloidal and toroidal magnetic fields (and possibly with electric fields and/or meridional flows) can be modeled by Einstein-Maxwell charged magnetized perfect-fluid spacetimes. Although stationarity and axisymmetry is assumed for spacetime, electromagnetic fields and matter, such spacetimes cannot be circular.
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Such noncircular spacetimes have been calculated in the slow rotation and weak magnetic field limit as in [11] [12] [13] , and in the fully nonlinear regime for non-magnetized compact star with large meridional flow in [24] . A proposed formulation for computing non-circular spacetimes invokes a 2+1+1 spacetime decomposition [24, 25] . Here, instead of this formulation, we use the one developed in [26] , which is based on a 3+1 decomposition and has been successfully applied for computing waveless initial data for binary neutron stars (BNS) [27] .
The spacetime (M, g αβ ), M = R × Σ, is foliated by a family of spacelike hypersurfaces Σ t = χ t (Σ 0 ) where the hypersurface Σ = Σ 0 is an initial slice. The diffeomorphism χ t is generated by the time symmetry vector t α , so Σ t are identical for any t. The timelike vector t α is tangent to the curves t → (t, x) ∈ R × Σ, and is related to the future-pointing normal n α of Σ t by t α = αn α +β α , where α is the lapse and β α the shift satisfying β α n α = 0. The projection tensor γ αβ = g αβ +n α n β restricted to a slice Σ t is equal to a spatial metric γ ab (t) on Σ t . We introduce a conformally rescaled spatial metricγ ab = ψ −4 γ ab whose decomposition is specified by the condition detγ ab = det f ab , where f ab is a flat metric on Σ t . Then, the metric g αβ in 3+1 form becomes
2 Stationary and axisymmetric spacetime is called circular if the 2-planes orthogonal to two killing vectors t α and φ α is integrable. The derivation of the metric for circular spacetime is found in [6, 8, 9, [19] [20] [21] [22] . It relies on the vanishing twists of two killing vectors t α and φ α , t [α φ β ∇γ t δ] = 0 and t [α φ β ∇γ φ δ] = 0 (Frobenius conditions), which are no longer satisfied for the spacetime associated with mixed poloidal and toroidal fields [7, 23] .
The metric potentials {ψ, β a , α,γ ab } are solved from the respective components of the 3+1 Einstein-Maxwell equations, which consist of the Hamiltonian and momentum constraints, the spatial trace part of EinsteinMaxwell equations, and those of the spatial tracefree parts, respectively (see e.g. [26, 28, 29] ). As for coordinate conditions, maximal slicing K = 0 and the spatially transverse condition (Dirac gauge)
• D bγ ab = 0 are imposed, where K is the trace of the extrinsic curvature
• D a is the covariant derivative with respect to the flat metric f ab , and £ β is the Lie derivative along the shift β a defined on Σ t . As discussed in [26, 28, 29] , all metric components have Coulomb type fall off if the condition ∂ tγ ab = O(r −3 ) is imposed. For the present case, the stationarity condition ∂ tγ ab = 0 is imposed which is the same condition used in our previous computations for BNS data [27] . Finally, we solve for the Cartesian components of the spatial vector and tensor equations for β a andγ ab , which are written as 3-dimensional Poisson equations with nonlinear sources.
An analogous formulation is applied for solving Maxwell's equations. The electromagnetic 1-form A α is decomposed in 3+1 variables Φ Σ = −A α n α , and A a = γ a α A α , and the projections of Maxwell's equations onto Σ t as well as along the normal n α to Σ t are written in terms of 3+1 variables {Φ Σ , A a }. Imposing the stationarity condition £ t A α = 0, 3 and the Coulomb gauge
Maxwell's equations reduce to Poisson equations for {Φ Σ , A a } with nonlinear sources.
As mentioned above, gauge conditions for the metric and the electromagnetic fields consist of the maximal slicing K = 0, the generalized Dirac gauge condition
and the Coulomb gauge condition
• D a A a = 0. The condition K = 0 can be imposed explicitly by replacing K ab with its tracefree part A ab = K ab − 1 3 γ ab K in the above equations. To impose the other two gauge conditions, we introduce the gauge potentials ξ a for the Dirac gauge and ξ for the Coulomb gauge, with which the field variables are transformed as
• D a ξ, and letγ ab′ and A ′ a satisfy the gauge conditions [27] . For the case of Coulomb gauge, a substitution of A ′ a to the gauge condition yields an elliptic equation for the gauge potential ξ,
This equation and an analogous one for ξ a are solved simultaneously with the field equations at each cycle of iteration, and then the fields γ ab and A a are modified according to the above gauge transformations. 4 The ideal MHD system of equations includes the MHDEuler equation, the rest mass conservation equation, and the perfect conductivity condition. The numerical integration of these partial differential equations, from which time derivative terms are eliminated in order to obtain equilibrium solutions, is technically challenging. Under the assumptions of stationarity and axisymmetry, however, one can find a set of integrability conditions and algebraic relations that the fluid variables must satisfy. Such a formulation for the system of relativistic ideal MHD equations is found in [10, 11, 13] , and a fully covariant geometric formulation is derived in our previous work [15] . We rewrite the formulation in [10, 11, 13] as suited to our numerical method. We introduce the basis, {t α , φ α , e α A }, associated with the coordinates t, φ and two other spatial coordinates x A , where t and φ are chosen along the symmetry vectors t α and φ α and normalized as t
A is the Kronecker delta. For example, the electric current density j α expanded on this basis is denoted by
, and the 4-velocity by
We also introduce the projection tensor
any spatial tensor is projected onto a φ = constant surface via σ A a . For a relativistic magnetized (and charged) perfect fluid with infinite conductivity, the flow always becomes isentropic. From the isentropic flow condition, the rest mass conservation equation, and the projection of the perfect conductivity conditions along the symmetry vectors t α and φ α , we derive conditions for the entropy S, the weighted stream function of meridional flow √ −gΨ, and the t and φ components of the electromagnetic potential 1-form A α , to be functions of a master potential Υ, S = S(Υ),
and A φ = A φ (Υ), which will be referred to as integrability conditions. 6 The remaining meridional components of the perfect conductivity condition and MHD-Euler equations (together with the normalization of the 4-velocity) yield a set of algebraic relations that we call first integrals. As a consequence of the two symmetries, any exact 2 form does not have tφ-component.
A common strategy for computing stationary axisymmetric equilibria of the matter and electromagnetic fields under the above integrability conditions is to derive the master equation, called transfield equation, for the master potential Υ by eliminating redundant variables from the first integrals and the Maxwell equations. The transfield equation may be further simplified to a well-known Grad-Shafranov equation by imposing Υ = A φ and √ −gΨ = constant. Either relation is an elliptic equation, defined on a φ = constant plane, to be solved for the potential Υ or A φ (see e.g. [10, 11, 13, 15] ).
although a solution may not always exist for a certain relations that chosen arbitrarily, or a certain range of parameters involved in the relations.
In our formulation, we do not solve such a master equation, but instead solve the first integrals and Maxwell's equations simultaneously. For the sources of Maxwell's equations, we rewrite the current density j α using the first integrals derived from the MHD-Euler equation, hereafter assuming Υ = A φ for simplicity,
where B B and ω B are defined by
AB is an anti-symmetric tensor whose signature is defined as ǫ 12 = −1, and B φ is defined by ǫ AB B φ = F AB . Here, F Aφ , and F AB are the components of the Faraday tensor F αβ = (dA) αβ , u α is the 4-velocity, ρ the rest mass density and h = (ǫ + p)/ρ the relativistic enthalpy, where ǫ is the energy density and p is the pressure. In the above current, Λ and √ −gΛ φ are arbitrary functions of Υ (= A φ for present case) appearing in the first integrals of the t and φ components of the MHD-Euler equation. As shown in Eq. (2), the t and φ components of the 4-current are not independent. This is a consequence of one of the integrability conditions that relate the A t and A φ components to each other, A t = A t (A φ ). We use the t-component of Maxwell's equations to determine j t , which is written 4παj
αβ n β of the Faraday tensor F αβ involve the prescribed function A t (A φ ). The calculated quantity j t is then substituted into Eq. (2) to obtain j φ for the source, in order to integrate the spatial components of Maxwell's equations. It should be noted that, in the perfect MHD case, the current j α is not an independent variable; we introduce j α as an auxiliary variable to derive a formulation suitable for our numerical integration scheme.
Assuming a one-parameter equation of state p = p(ρ), we choose the relativistic enthalpy h as the only independent thermodynamic variable. The matter variables {h, u α } are solved respectively from a first integral of the MHD-Euler equation, the normalization of 4-velocity u α u α = −1, the integrability condition of the perfect conductivity condition, and the rest mass conservation equation, as
At each level of the self-consistent iteration, these equations are used to update hydrodynamic variables {h, u α } by substituting values from the previous iteration level to the right hand sides.
Finally, to close our formulation for the present calculations, we set arbitrary functions following Newtonian studies on magnetized rotating stars [30] . The functions
, and [ √ −gΨ](A φ ) are chosen as follows: (10) where Ω c , Λ c , E a Λ , k, a Ψ , and q are constants, A max φ is the maximum value of A φ at the stellar surface, and Θ(x) is the Heaviside function. In the above choice of functions, the field A φ is always positive. The constants Λ c , and a Λ are parameters given by hand and control the magnetic field strength. The constant a Ψ and the exponent q control the meridional flow, where the value of a Ψ is set to a small value so that the flow does not affect the equilibrium of the star, and q is set to one. As discussed in [30] , the choice of Eq. (7) corresponds to rigid rotation in the limit of a Ψ → 0 and B φ → 0. Any other choice of the term as a function of A φ yields differential rotation in the same limit. In [30] , it is found that the solutions have comparable strength in the poloidal and toroidal magnetic field components when the index is about k = 0.1. Ω c and E are calculated from conditions imposed on the solution, which fix the values of central density and axis ratio of the deformed star. The above set of equations (elliptic equations for the gravitational and electromagnetic fields and algebraic relations for the hydrodynamic variables) are numerically solved by self-consistent iteration [31] . In this iteration scheme, the elliptic equations are recast into integral equations using the Green function for the flat Laplacian.
The code is developed as part of the cocal (Compact Object CALculator) code introduced in [32] . In this code, the Einstein-Maxwell and Maxwell's equations for the fields are solved without explicitly imposing axisymmetry. This allows future extensions of the code to compute non-axisymmetric structures such as magnetized NS with tilted poloidal magnetic fields. In the numerical solutions presented below, the star is covered using 161 × 193 × 49 equidistant grid points in (r, θ, φ)
The space Σ is covered by a computational domain (r, θ, φ) ∈ [0, 10
] with 385 radial non-equidistant grid points and the same equidistant θ and φ grids, where R(θ, φ) represents the stellar surface, and R 0 = R(π/2, φ) the equatorial radius.
Further details of the formulation and numerical method will be described separately in a forthcoming paper.
Numerical solutions: We use the relativistic virial theorem for perfect fluid Einstein-Maxwell spacetimes derived in [33] to study the accuracy of solutions, as well as to quantify the amount of electromagnetic energy. The relativistic virial theorem is an integral that identically vanishes,
where G ab and T ab are the projections of the Einstein and stress-energy tensors to a hypersurface Σ. For stationary spacetimes, an equality of the ADM mass and the Komar mass M ADM = M K has been established in [34] (also see e.g. [26] ). The quantities T , Π, M, and W correspond to the kinetic, internal, electromagnetic, and gravitational energies in the Newtonian limit and are defined by
where F ab = γ a α γ b β F αβ is the projection of the Faraday tensor onto Σ. A ab and K are the tracefree and trace parts of the extrinsic curvature K ab , and the tilded quantitiesD and 3R are associated with the conformal 3-metricγ ab . The magnetic energy term M contains contributions from the poloidal and toroidal magnetic fields, for which we respectively define
Quantities including those defined above for selected compact star solutions with mixed poloidal and toroidal magnetic fields are listed in Table I , and corresponding contours in xz(y = 0)-plane are presented in Fig. 1 . In these models, we choose a polytropic equation of state p = Kρ Γ with an adiabatic constant Γ = 2, and set the parameters in the integrability conditions to (Λ c , a Λ ) = (0.8, 0.01) and (0.72, 0.03). In spite of the smallness of the ratio T /|W | compared to M/|W |, the stars are significantly deformed; the magnetic fields affect the hydrostatic equilibrium configuration. In these models, the maximum values of the poloidal B fields are above 10 18 G in cgs Gauss units, (B Table I indicates the deviation of a solution from magnetic and hydrostationary equilibrium, which may be caused either by the numerical error, the time dependence of the solution, or both. Since stationarity is imposed on the set of equations in our formulation, the value should converge to zero as the resolution increased. Due to limited computational resources, we haven't performed convergence tests for these magnetized models.
7 Nonetheless, the fact that the value I vir /|W | is 7 We have performed convergence tests of the virial integral for relativistic rotating stars turning off the magnetic field and re- smaller than M/|W | suggests that magnetohydrostationary equilibrium is attained in the presented solutions. The magnetic field becomes stronger as the parameter Λ c increases. The magnitude of the toroidal component B φ is controlled by a Λ , but its dependence on a Λ is not monotonic. Starting from a small value of a Λ , B φ increases as the value a Λ increases, and B φ concentrates near the equatorial surface.
Discussion: The configuration and magnitude of the magnetic fields in the above equilibrium solutions largely depend on the choice of arbitrarily specifiable functions and associated parameters. With our present choice of the functions (7)-(10) and the chosen range of parameters, the energy of toroidal magnetic fields does not exceed that of poloidal fields. Such was also the case in previous Newtonian studies [30] , to which we have referred in choosing the functions (7)- (10) . As pointed out in simulations [16] , the stable magnetized configurations may consist of nearly equal magnitude of poloidal and toroidal magnetic fields. Some recent studies have succeeded in constructing such models in the slow rotation and weak magnetic field limit [13, 38] or in the Newtoducing the number of grid points. We have confirmed 2nd order convergnece for the solutions calculated with the waveless formulation, as well as with the Isenverg-Wilson-Mathews (spatially conformally flat) formulation [28, 35] . In the result by Kiuchi and Yoshida [4] for NS with purely toroidal magnetic field, in which a finite difference scheme is used, a typical value of I vir /|W | is about an order of magnitude smaller than our result.
nian limit [39] . It will certainly be possible to find solutions with the toroidal energy nearly equal to, or stronger than, the poloidal energy in our relativistic calculations by surveying a variety of the arbitrary functions and their large parameter space. We will perform such systematic calculations elsewhere.
In our formulation for the Einstein-Maxwell and Maxwell's equations, we only set the time derivatives to zero and recast them in elliptic equations. This does not guarantee a solution to be stationary in general. Imposition of symmetries with respect to vectors t α and φ α on the set of ideal MHD equations guarantees that the solutions are exact stationary and axisymmetric ones. For more interesting nonaxisymmetric quasiequilibrium data, such as a magnetized NS whose magnetic axis is tilted with respect to the rotation axis or a magnetized BNS, a part of the present code for computing the metric and electromagnetic field can be used as it is.
8 As in our previous work for BNS [27] , such a computation reproduces initial data in which the radiation content is discarded. With a rather minor extension of the code, we could also compute solutions associated with stationary radiations.
The solutions presented in this paper are useful as initial data sets for numerical simulations [17] , as well as unperturbed states for linear stability analysis (see e.g. [18] ). The search for stable and realistic magnetized neutron star models is the next step of this work.
